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1.a-b-c =1 all that satisfy the condition are greater than zero a, b, ¢ prove this inequality for numbers:
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2.Va,b,c >0 prove the inequality for:
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The given inequality is equivalent to the following theorem:

1 N 1 N 1 S
JI+t i+t 1+t

a b c 3

+ + > ;
Ja?+abc b*+ica Vci+iab 1+4
3. Optional x,y,z,teR and  f(xy—zt)+ f(xt+yz)=(f(x)+ f(z)(f(y)+ f(t)) f:R—R find
functions that satisfy the condition.!
The solution: X,y,z,teR for arbitrary numbers f(xy—zt)+ f(xt+yz)=(f(x)+ f(2)(f(y)+ f(t)) (1)
equality is given.
(1) equality x=y=2z=0 that 2f(0)=2f(0)-(f(0)+ f(t)) equality, and from that f(0)=0 or
1

f(0)=7.

Theorem: If t, -t, -t; =512 there is 1

Reminder: Va,b,c>0and 2>0

Iff(0)=% and = f(0)+ f(t)=1= f(t)z%;

After f(0)=0 . In that case z=t=0 (1) by putting f(xy)=f(x)- f(y) that is, we form the
multiplicative ~ function  f, fO=f*WO=f@W=1 or f@=0. If f)=0 and
fX)=f(X)-f)=0= f(x)=0,xeR;

f(0)=0 and f (1) =1 Now all that remains is to find f that satisfies equation (1).
()and x=0 y=t=1 f(-z)+ f(z2)=21(z), f(-z) = f(z) we find that equality is an f-even function.
(1)inEg y=t=z=1let'ssay f(x—1)+ f(x+1) =2(f(x)+1) will be.

! Kyp6on Ocranos, Oiibex Ynamesuu [Tynatos, [xymaes Makcy, «O0y4eHre yMEHHSM JI0Ka3aTh PU U3yUYEHUH Kypca
anreOpsL» Jocmuowcenus Hayku u obpazoeanus, T. 2 (24), Ne 24, pp. 52-53, 2018.
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From this equation f(0) =0, f (1) =1 by induction, given that n e Z and we find that f (n) = n?.

Also xeQ f(x) = x2. (Because f(x) is multiplicative =
Pt P ()= s f(ﬁj:w:p_z
Ty [gj @)=fm= g) f(9) gz)

(1) from the multiplicity of the function in Eq f(xz): f2(x)>0,f(y)20;yeR t=xy=z =
(2 +y2)=(F)+ F(Y)5= FOC+y2) 2 F2() = F(®) =u=v=0 , f(u)=f(v), that is, the
function f is increasing in positive real numbers. WxeR f(x) = x* we show that.

Suppose for some x f(x)=x* and f(x)<x* let it be Then some rational number a is found
x>a>.f(x) .= f(a)=a’> f(x).But f(a)= f(x) , because f(x) is increasing. (x > 0).

After f(x)> x> we will show that it cannot be.
f(x)=x*,xeR soitis.

4. neN and X;,X,,... X, €R, X, <X, <...<X,

@ ) X; — X; SZ(L—l)“ n xi—x.2 prove the inequality.
Y2 | <2

i=1 j=1 i=1 j=1
(b) For the fulfillment of Eq X, X,,..., X, prove that it is necessary and sufficient that the numbers form an
arithmetic progression.
Proof: We use the following lemma in the proof.

n n

Lemma: If x, <x, <..<x, and YJi— jx —xj‘:gZ‘xi -x] -
ij=1 i,j=1

Proof: Without prejudice to generality i > j let's say. =

ip— X = ;[ = (=D = %)+ (= 2)(X, = %,) + (N =3)(X, = Xg) + .. (X, =X, 1) +

(N=2)(X,y =X) +(N=3) (X = Xp) +ooo + (X =X ) Hot (X, = %;) =
X, (h-D+(n-2)+..+D)+x,,((n-2)+...+1-1) +

X, ,(N=3)+..+1-1-2)+...—x, 1+ 2+..+(n-1)) =

« n(n-1) n(n-23) n(n->5) n(n-1) _

n 5 + X + X0 +..=X 5

%((n—l)xn +(=3)%, +..—(N=3)X, —(N—1)x,) =gi\xi —x;|

ij=l

The lemma is proved. Now we proceed to prove the given inequality.

n n 2 2 -
Yy -xi=2 Y| —xj‘:[ > Ix; —xj‘] N > Ix, —xj‘z (=) it is enough to prove that.
i=1 j=1 I<j<i<n I<j<i<n 3 I<j<i<n
X; — Xj . .. . . . .. ’ n2 -1 . N2 2
Let's say - = a,;. Without prejudice to the generality i> j=| > Ji—jja; | < 3 Dii-i)ay
- 1< j<i<n I<j<i<n

it is sufficient to prove.
According to the Cauchy-Buniakovsky inequality
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( Z(i—j)ZaiﬁJ-( Z(i—j)zH Z(i—j)Zai,I:”T:( Z(xi—x,-)Jz (1)

1< j<i<n 1I<j<i<n I<j<i<n I<j<i<n

D (i-J)* we calculate,

I<j<i<n

>(i- iV =(-12+2(n=2)* +3(n=3)% +..+ (n—-)(n— (n-1))? =

:n;(1+2+...+(n—1))—2n(12+22+...+(n—1)2)+(13+23+...+(n—1)3):
_n’*(n-9) _on (n=1)n(2n-1) . n‘(n-1)°* _n’*(n*-1)

2 6 4 12
2 2
(1):{ > (i- j)zaiszn _12( Z(xi —xj)] = (**) proved.
I<j<i<n 3 I<j<i<n
(i_j)zaijz 2 . . .. ..
(b) (1)= —————=a4a;" is appropriate when mutually equal = x; —x; =(i—j)a; =(i—j)d d=const

U]

= j=1x-X=>0-Dd=x,=x+(n-1)d.

proved.

a2

5 -

2ab® —b* +1
we solve the quadratic equation in natural numbers. Suppose that one root of this equation is N =
a,+a, =2b’keN.

So, D = 4b*k — 4(kb® — k) = (20%k —b)? + 4k —b?;

=k to find all N solutions of the equation. a? —2ab’k +kb®*—k =0 (x)

vk,be N for (2b%k —b—1)? < D = (2b%k —b)? + 4k —b? < (2b?%k —b+1) it is not difficult to show that.

a’ a’ a

__a _a_a b)=(2m1), meN b=l da
2ab? bl 2a 2 @b=@mb, meN b=

(2b%k —b+1f <D =(2b%k —b) + 4k —b? < (20°%k —b+1f . (x)

D:(szk—b+l)2 and b=1 must be =

(*) For a quadratic equation to have a N solution, the discriminant must be an integer square. =
= (#+) D=(2b% ~b) = 4k —b? =0 = b® = 4k = b? = 41’

2 2
M=12.S0, b=2l>a, = 2 k(20 -b)

2
_20°k+2b%k—b _4b’k-b_4-41%-1°-2 o, |
2 2 2
2b’k —2b’k+b b 2l
a.2= :—:—:I
2 2 2

(a,b)=(2m1),(81* 1,21),(1,21).
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