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the parameter a and find its solution depending on x. From the solution

found, x is expressed in terms of a and it is shown that it is a solution to
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The solution of parametric equations does not have a common understanding in the methodological
literature. For example, in [5], if the expression of the main unknown, depending on the parameter, turns
the equation into reality for possible values of the parameter, then it is considered a solution. In [6], the
set of possible pairs of the main variable and parameter is understood, which turn the given equation into
reality. In [4], the notion of a general solution was introduced.

We understand the solution of parametric equations as in [5]. It is known that a parametric equation (basic
and dependent on a parameter) can be considered as two equations, that is, an equation for the main
unknown or an equation for a parameter. If the equation for the key variable (unknown) is complex, but
the equation for the parameter is simpler, then you can solve for the parameter and then find the key of
the unknown. For example, such equations were considered in [1], [4], [5]. When solving the equation
F(x,a)=0 (1) with respect to the underlying unknown x is complex, we treat it as an equation with respect
to the parameter a and solve it with respect to the parameter a = ¢( x) (2) and again solve (2) with respect
to x, we find solutions of this equation x=g(a) (3) and show that (3) satisfies (1). Let's demonstrate this
method with several examples.

Example 1: Solve the equation(a? — 4) - x = a — 2.

Solution: Method 1: Let's give this equation the form x - a? — 4x — a + 2 = 0. Considering this equation
as quadratic with respect to a, xa? — a — (4x — 2) = 0, we find its roots: by finding x from x # 0,a,, =

1
4x—1,xZZ

14/1+4x(4x-2) _ 1+V16x2—-8x+1 1y (x-1)2  14[4x—1|

=|4x —1| = | >
2x 2x 2x 2x —4x + 1,x < -
4
S - a=24x—4x—2+2=0 0-x=0
e 1 D A= xx(a+2)-x=1:>{a=—2, (-2+2) x=1 =0 x=1

a#+=+2, (a+2)-x=1 x=——

Answer: for a = 2 there are infinitely many solutions, for a = —2 there are no solutions, for a # +2 da
1

a+2’
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Method 2: We solve the equation (a? — 4) - x = a — 2 by setting conditions for a.
When solving this equation, consider the following cases.
1)a’?—-4=0,ie.a=2anda = -2.

If a = —2, then the equation takes the form 0 - x = —4 and has no solution.

If a = 2, then we get 0 - x = 0 x is an arbitrary number.

2) If @ # +2 then x = —

a+2’
Answer: If a = —2, then there will be no solution. If a = 2, x - is an arbitrary number.
1
a+2’

If a # £2, then =

Example 2: Solve the equation. x* — 2bx?> —x + b*—=b =0

Solution: Since this equation is a quadratic equation in x, we find its roots by treating b — (2x? + 1)b +
2x2+14 (2x2+1)2-4(x*-x) _ 2x?+1+VaxZ+4ax+1
2 2

x*—x=0 as a quadratic equation in b: b, =

2
2@ D e by = x% + x + 1, we get b, = x2 — x (). Now let's solve these equations for x.

1. b=x*+x+1,x*+x+1—b =0, when this equation looks like b > Z X, , = EA4AD)

2
—1+vV4b-3 .
— has solutions.

1 1+V1+4b
2.b=x*>—x,x*-—x—-b=0,b> — 5 X34 =

has solutions. (x) we will show that the found
—-1+v4b-3

2

solutions of the equations satisfy the given equation. x; =

~1+V3 =3\ ~1+vV4b =3\ —1++4b—3
2 2 2
_(CLtVEb—3\" (—2+4b-2V8h-3 \ 2b°-2b+1+V4bh—3 _
B 2 4 2 B
_2b—1—\/4b—3 —-2b—1—-+4b -3 2b2—2b+1—v4b—3_
B 2 2 2 B
_1++V4b—-3-2b 1+v4b—3+2b 2b*—2b+1—+4b—3 _
B 2 2 2 B
_2b*—-2b+1-V4b—3 2b*—2b+1-+4b -3 _
= > > =
Sox; = Zlevabe3 _24;,_3 is the solution to this equation. The rest of the solutions can be shown similarly.
Answer: xy, = TR o3 LT

2
logya

Example 3. Solve the equation loga(a ++Va+ x) =

Solution. To solve this equation, we first find the range of acceptable values that satisfies its parameter:
x>0x%*1,a>0,a+1.

We write it as log,(a + va + x) = log,x?. According to the exponentiation rule,

a++a+x=x%+a+x=x?—a, where if you square both sides of the equation x? > a,a + x =
x* — 2ax? + a?, this equation is a quadratic equation in x. We solve it as a quadratic equation with

2x2+14+V4ax2+4x+1  2x%+14+(2x+1
respect to the parameter a: a?— (2x2+ Da+x*—x =0, a;, = —— Zx === —2( x+1)
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Hence a; = x? + x + 1, a, = x? — x. The solution of the equation a; = x? + x + 1 does not lie in the

range of acceptable values, since x2 —x > 0,x > 0 we solve the equation a = x?> —x: x2—x—a =0,
1+V1+4 1+V1+4 1-V1+4 - 1-Vv1+4
- 2 x, = Z x, = : . Of these solutions x, = =

2
1HV1+%2 is the root of the given equation:

has no

1
a=-—; hence, x,, =

roots, since x < 0 we show that x; =

2

4a+2+:x/4a+1> = log, (a + f(lﬂ‘z*a“)z) = log, (a 4 1ivta ”2”“) = loga< (fart ”2“”1)2> satisfies the

equation, so it is a solution.

loge(a++Va+x) =log, (a + la+iE ;Ha) = log, (a 4 [Retitvaarl V4a+1> = log, (a +

1+v4a+1 1
> ,a = —=

4
Example 4: Solve the equation v a —va + x = x.

Solution: Method 1: From this equation, we can set {

Answer: x; =

vat+x=t
Va—t=x

2
tz. Find a from the first equation and substitute it into the
X

=t >0,x > 0. Squaring the

a+x=

inequalities, we obtain the equalities {

second equation. x + t = t2 —x%,x +t — (t2 —x?) = 0,

x+t=0 {t:—x

e+ O+ =) =0+ + -0 =0{ JEIT0 S {77

t = —x, has no solution since t > 0,x = 0. t = x + 1,v/a + x = x + 1, square the equation. a + x =

x2+2x+1,x2+x+1—a=0,x1.2=$.

Since x; = Timvtass ':'1_3 ,x < 0, there is no solution. We check that x, = Zltaan3 '2461_3 is a solution to the

2
. —1+V4a—-3 2a—-1+V4a—3 4a-2-2\/4a—3 Via—3+1
equation. \]a— a++=\/a— %:\/a— %:\/a_ %:

2
\/a _ V4a-3+1 _ \/Za—l—\/4a—3 _ \/4a—2—:\/4a—3 _ /(\/4a—43+1) _ —1+\/24-a—3 satisfies the equation, so

2 2

—1+v4a-3

Xy = ———— is the solution.
Answer: = 443 .4(1—3125.
2 4
x=>0 x=0 x=0 x=0
MethodZ:{ a+x=>0 :>{ X =—a :>{x2—a :»{xz—a
a—Vva+x=>0 \lax=>+va+x a?>a+x x<a’*—a

domain equation is a®? — a > 0, hence it follows that a > 1,

0<x<a’—a.a—+a+x=x?or+a+x=a— x? this equation has a solution only if a — x%? > 0
so a + x = a? — 2ax? + x*, is a quadratic equation for x. Let's solve it as a quadratic equation for a.
_2x24+14/(2x%+1)2—4x%+4x

a’?— 2x*+ Da+ (x*—x)=0,a,, = - ,a, = x> — x , the roots of the equation
+v . . —1+Vaa— —1=+/4a—

x5 = =1 Wil not be a solution, a, = x2 + x + 1, x,, = % a> %,x = % cannot be
. . . . . . g- - Vv4a-3 ..

a solution to the given equation, because x < 0. This equation satisfies x = % , SO this is the

solution.

Answer: x = Y48 5 53

2 4
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Example 5: Solve the equation x® — x? — t?x2 +t = 0.
Solution: Since this equation is a sixth power equation in x, we solve x?t? —t+x? —x® =0 as a

—4x2-(x2—_x6 4_4]| . .
quadratic equation in t. We will find solutions. ¢, , = ~2 4x2 2229 _ 1221 5o formed. According

2t =1, (o] o [)
—2x4+1,—4—12< X <4—\}E

to the definition of the module |2x* — 1| write as [2x* — 1| =

)

s
1+2x%-1
. . . tl = 2x2 = xz . .
we find solutions of the parameter t depending on x, 1_2x’j+1 L Xin the equations we express
tZ = =

2x2 x2
2 x1.2=ix/z,t20

- zz_t > _exVTivizes - X12 = TVt is the solution of this equation
x* +tx 1=0 X3qg=——
’ 2

WDE — (VD) —t2(VE) +t=t3—t—t3+t=0,0 = 0 will be. So the equation will be solved.
Similarly, by substituting x5 , into the equation, we can see that this is the solution.

—t+V1+Vt2+4
Answer: X12 = i\/E; t= 01 X34 = — 2
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